We introduce a family of vector kinetic BGK equations leading to isentropic gas dynamics in the relaxation limit, that have only one entropy at the kinetic level. These models possess the generic structure of kinetic relaxation models. By a sharp adaptation of averaging lemmas to BGK models that have a dissipative entropy, we establish an estimate in the inverse of the square root of the relaxation parameter on the L 2 norm of the gradient of the approximations. This estimation is new in the context of kinetic equations, and it allows, by the method of DiPerna, to establish the convergence towards weak solutions of isentropic gas dynamics that satisfy a single entropy inequality.
Introduction
The method developed by DiPerna 12] using Tartar's compensated compactness 25] for establishing the convergence of approximate solutions to onedimensional nonlinear hyperbolic systems of conservation laws is well-known. It has been used mainly when dealing with viscosity or numerical approximations. However, the problem of establishing similar results to relaxation models such as those introduced in 11] is not solved in general. Apart from the scalar case, for which we refer to the review 27], until now, only particular relaxation structures have been treated in 26], 24], 3]. In 24] and 3], the main ingredient that is used is that many entropies have a kinetic extension, in the sense de ned in 11]. A general method for nding such extensions in kinetic BGK models can be found in 6]. In physically relevant models however, only one entropy has an extension, and therefore one has to introduce other tools. This was done in 26] , where from particular energy inequalities, the author establishes an estimate on the gradient of the approximate solutions k@ x U " k L 2 t;x C p " ; (1.1) where " is the relaxation parameter. This is indeed exactly the estimate used by DiPerna in the viscosity approximation.
The purpose of this paper is to explain how this approach can indeed be used generically when dealing with kinetic BGK models, even if we have a single entropy extension. The new ingredient for establishing (1.1) is an averaging lemma which is particularly adapted to the BGK relaxation term. With di erent scalings, related appropriate sharp estimates for relaxation limits leading to incompressible models of gas dynamics in multidimension have recently been the object of great progress, see 10 In order to be more speci c, we shall deal with the one-dimensional system of isentropic gas dynamics ( @ t + @ x ( u) = 0; @ t ( u) + @ x ( u 2 + ) = 0; in ]0; 1 t R x ; (1.2) with (t; x) 0; u(t; x) 2 R and > 0; 1 < < Therefore, we shall obtain in the relaxation limit weak solutions U = ( ; u) satisfying only
(1.10) for any (weak) entropy , and the measure m is nonpositive only for = e . This is indeed the approach of 26], 17], 16]. Thus we look for approximate entropy equations @ t (U " ) + @ x G(U " ) = m ;" + R ;" ; (1.11) where R ;" ! 0 as " ! 0 in W ?1;p loc for any 1 < p < 1, m ;" are measures locally bounded uniformly in ", and m e ;" 0. This is su cient to apply the compensated compactness method. The measures m ;" are indeed bounded via the estimate (1.1), as in the viscosity approximation. The fact that the energy has a kinetic extension comes into play only via an a priori estimate coming from the entropy dissipation, kM " ? f " k L 2 tx C p "; (1.12) which enables to establish (1.1). However, to get this we need coercivity of the kinetic entropy, and this holds in our model only for 1 < 5=3. We shall assume also some a priori L 1 bound on " , u " and that the vacuum does not appear. These are the main restrictions of our work. The convergence result can be stated as follows. " d , and (1.10) holds. The outline of the paper is as follows. In Section 2, we introduce our BGK model and establish the kinetic entropy dissipation estimate that leads to (1.12) . In Section 3, we prove the key averaging lemma. Finally, in Section 4 we establish the relaxation limit by combining the averaging lemma and the dissipation result, in order to obtain (1.1), (1.11), and Theorem 1.1.
Kinetic equation
In this section, we introduce a family of vector kinetic BGK models for isentropic gas dynamics, parametrized by a scalar 0 < We also have, recalling that by (2.34), M f " ] = 0 a.e. where f " = 0,
In the case (f " ) 0 (M f " ]) 0 , we write (2.44) and in the case (f " ) 0 > (M f " ]) 0 , we write
In any case, we obtain which gives the bound on the rst component. Furthermore, We can notice that in the important case = 1, the last term of the second argument in the right-hand side of (3.9) can be omitted. 
Relaxation limit
This section is devoted to the proof of the a priori estimates that enable to apply compensated compactness to the approximate solutions " , u " obtained in Section 2.
Estimate in H 1
We shall assume that vacuum does not appear. Since " 2 L 1 x , we cannot have a global lower bound, thus we assume a local lower bound, " (t; x) T;R for 0 t T; ?R < x < R; Proof. Obviously, we can apply Proposition 3.1 to a vector function. We take a( ) = and 2 C c (R), 0 
thus we can apply Corollary 3.2 to f R " = R f " with h = R M " and g = 0 R f " . We obtain
(4.14)
We notice that since M f " ] = M(U " ; ), we have @ x M f " ] = M 0 (U " ; )@ x U " . (4.15) this is true indeed for 1 < < 2, and this is a bit more general than the Lipschitz argument used in (4.9). We deduce with (4.14), (4.12) and Theorem 2.5 that (4.25) which yields that m ;" is bounded in M loc uniformly with respect to ". We obtain therefore that @ t ( " ; u " ) + @ x G( " ; u " ) is compact in H ?1 loc . We are now able to apply compensated compactness, and the result of 20] allows to conclude the compactness of the sequence ( " ; " u " ). By passing to the limit in (4.18), we obtain (1.2) together with the initial data. Finally, it remains to establish an inequality for the physical entropy. We use a di erential form of (2.30 Remark. The above proof shows that the rate kM f " ]?f " k L 2 C" 1=2 cannot be improved, otherwise we would get in the relaxation limit a solution that satis es entropy equalities, which is not possible in general. The rates of Theorem 4.1 are therefore also sharp, since they say that all the terms of the BGK equation are of the same order in terms of ". However, for other norms than L 2 , the rate could be improved. For example, one can have kM f " ] ? f " k L 1 C", this should be somehow related to a BV bound.
